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Bifurcation Analysis of Wrinkling Formation
for Anisotropic Sheet
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Surface distortions in the form of localized buckles and wrinkles are often observed in the
sheet metal forming process. In many cases the presence of wrinkles in the final praduct is
unacceptable for the purposes of assembly. Because of the trend in recent years towards thinner
gauges and higher strength, wrinkling is increasingly becoming a more common and trouble-
some mode of failure in sheet metal forming. In this study, a numerical analysis for evaluating
a wrinkling limit diagram (WLD) for an anisotropic sheet subjected to biaxial plane stress is
presented. Here the scheme of plastic bifurcation theory for thin shells based on the Donnell-
Mushtari- Viasov shell theory is used. The effects of the various material parameters(yield stress,

strain hardening coefficient and normal anisotropy parameter) and geometric parameters on

WLD are investigated numerically and compared with Kawai’s and Havranek’s experi-

ment(1975).
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1. Introduction

In many kinds of sheet forming processes, form-
ing failures such as buckling and wrinkling
produced by compressive stress fields and necking
produced by tensile stress fields, are frequently
experienced. Therefore, 4 number of studies have
been carried out to predict their occurrence and
formulate countermeasures. Szacinskt and Thom-
son(1992) have classified the influence of elastic
and plastic normal anisotropy parameters from
disc wrinkling tests and the Yoshida Buckling
Test(YBT). Neale and Tugcu(1990) and Am-
eziane-Hassani and Neale(1991) have shown the
influence of isotropic materials and J,D, J,F in
infinitesimal curved elements. Also,
Havranek(1975) has studied the onset of body
wrinkling experimentally. Triantafyllidis and
Needleman(1980) have analyzed the onset of
flange wrinkling of planar isotropic sheets in the
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Swift cup test, and investigated the effects of
flange geometries and material properties on
wrinkling. Tomita and Shindo(1988) have proved
that the anisotropy parameter and material prop-
erties influence wrinkling generation and growth
tn YBT using elastic~plastic FEM. Park and
Kim(1995) also clarified the effect of the material
variables on the onset of buckling initiation
through an FEM simulation of YBT. The funda-
mental theories used in these studies are mostly
based on the scheme of plastic instability and
bifurcation theory by Hill(1957, 1958). Since the
higher strength sheets favored in recent years tend
to be much thinner, failure modes in the form of
wrinkles are becoming more prevalent, Although
a limited amount of wrinkling can sometimes be
tolerated or removed by ironing, there are many
situations for which wrinkles are unacceptable for
either visual or functional reasons.

In this study, a numerical analysis for evaluat-
ing the wrinkling limit diagram(WLD) for an
anisotropic sheet subjected to biaxial plane stress
is presented. Here we follow the approach previ-
ously proposed for wrinkling analysis of curved
sheets by Neale and Tugcu(1990), where the for-
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mulation of the problem is within the context of
plastic buckling theory for thin plates and shells.
In this study this approach is extended to consider
the effect of plastic anisotropy on the critical
conditions of wrinkling formation. Extensive
numerical results are presented to show the effects
of the various kinds of materials and geometric
parameters on wrinkling using Hosford's
anisotropic yield function(Hosford, 1979). In
addition, we studied its validity by comparing
these simulation results with Havranek’s conical
cup test(Havranek, 1975).

2. Basic Analysis

In this study, a wrinkle is considered as a
plastic bifurcation phenomenon in a complex
sheet metal forming operation. It is often confined
to a localized region of the sheet. The buckling
mode is thus a local one that depends on the local
curvatures, the thickness of the sheet, its material
properties, and the local stress state as shown in
Fig. 1(a). g\, ¢, are positive for the compressive
loading. Here the principal radii of curvature and
the sheet thickness ¢ are assumed to be constant.

The short-wavelength wrinkling modes are
shallow and can be analyzed using Donnell
-Mashtari-Viasov (DMV) shallow shell theory.
This theory restricts the analysis to modes for
which the characteristic wavelength of the buckles
is large compared to the sheet thickness, yet small
compared to the local radii of curvature (R, K»).
Furthermore, the stress state prior to wrinkling
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Fig. 1
mode for sheet element,

(o1, 02 r) 1s assumed to be a uniform membrane
state over the local element.

Deviation from the uniform membrane state
during stable straining yields the additional in-
cremental stretching (£,) and bending (K,)
strains in the sheet element. These are given
by(Hutchinson, 1974)
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Here Ua(a,‘B:I,Z) are the incremental displace-
ments in the surface-coordinate directions (X,
X2), W is the incremental buckling displacement
normal to the middle surface of the sheet, p,; is
the curvature tensor of the middle surface in the
prebuckling state and a comma denotes covariant
differentiation with respect to a surface-coordi-
nate. The above incremental strains yield the
incremental stress resultants {¥*) and the bend-
ing moments (}%) at wrinkling initiation, which
are given by
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where [ are the plane-stress incremental moduli
relating stress increments &% to strain increments
€ ap through ¢ ==&  Wrinkling initiation
from stable straining is possible if the following
bifurcation functional is set to zero
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Schematics of (a) geometry and loading of curved sheet element and (b) short- wavelength wrinkling
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where § is the region of the sheet middle surface
over which the wrinkles occur. For wrinkling in
short-wavelength shallow modes of the form
shown in Fig. I(b), we consider the following
velocity fields

WZAtcos[i(chosﬁ+Xzsint9)]
U= Bz‘sm[—(chosH—f-Xasma)]
b= Ctsin[ -1—(X1c059+Xzsin9)] (4)

where /=/Rf and R is chosen as either R, or R,.
A, B and C are constants representing the relative
displacement amplitudes of the mode shape. g
denotes the angle at which the wrinkles form and
A 1s a non-dimensional wave number, The wave-
length of the wrinkles is given by [.=27//A.

In employing these fields we anticipate that
wrinkling occurs over a certain region § of the
sheet which spans many wavelengths of the wrin-
kling mode. Substituting the velocity fields of Eq.
(4) into the bifurcation functional of Eq. (3)
yields the bifurcation functional in the following
form

F= _25<_§) ™u (5)

where u=(A, B, C) is the buckling displacement-
amplitude vector. The components of the matrix
M are as follows:
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where, for convenience, we have introduced A;=
Acosf, Az=Asinf.

Initiation of wrinkling is possible when the
associated bifurcation functional equals 0, F/=0.
In view of Eq. (5) this occurs when the determi-
nant of M vanishes. To determine the critical
stress values gf", %", r°" for which short-wave-
length wrinkling first occurs, we minimize this
determinant with respect to the waveform parame-
ters A and # and set the minimum equal to zero.
Therefore the following three equations must be
numerically solved

_ adetM OdetM _

using e.g., the Newton-Raphson method. The
values of A and & obtained from the above equa-
tion describe the corresponding critical wrinkling
pattern.

3. Constitutive Laws

In order to clarify the effect of material
anisotropy on the wrinkling initiation, we adopt
Hosford’s yield criterion as the potential for a
normal anisotropy sheet(Hosford, 1979)

l/a
[(l EY-) —{ ¢+ of+ R0, — 011)“}] =g=f
(8)
or in terms of the stress components of gy, g2,
l/a
[(- Kt K+ K~ Kzl“+Rl2Kzl“}}
=0=/ 9
where R is a normal anisotropy parameter and ¢,
and g, are principal stresses. X, and K, are
respectively related to the stress components g,
o T as follows:
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where g is the effective stress and the exponent ¢
is known to be 6 for bee metals and 8 for fee




224 Young-suk Kim, Young-jin Son and Jun-young Park

metals. For the case of g=2, Hosford's yield
criterion reduces to Hill’s 1948 criterion, and as ¢
gets bigger, this approaches Tresca’s yield crite-
rion.

In the constitutive law of the rate form of 49¢
= [ ¢ ., the incremental plane-stress moduli [
for normal anisotropic material using the flow
theory are given by
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where H’ is an instantaneous hardening ratio and
L% 18 the incremental moduli for elastic defor-
mation given by
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In Eq. (13), £ is Young's modulus, » denotes
Poisson’s ratio and §;; is the Kronecker delta. The
uniaxial stress-strain curve of the metal is
modeled by a power-law hardening relation of
the form

- ‘f_i ¢ <oy
(;‘_: 2 i (14)
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where ¢y is a yield stress and # is a strain
hardening coefficient.

4. Results and Discussion

A parametric study has been carried out to
clarify the influenge of yield criterion description,
strain hardening coefficient, anisotropy parame-
ter, yield stress and sheet thickness on WLD.
Three typical materials-DDQ(Al-killed steel),
5182-0(A1-Mg alloy), and CHSP35E(high tensile
strength steel)-were chosen to investigate the
wrinkling formation tendency. In this study, par-
ametric studies on the wrinkling limit are perfor-
med based mostly on the mechanical property of
CHSPJISE material. Also, the ratios R,/ K and ¢/
R. are fixed at constant value of 0. 5 and 0. 02,

Table 1 Mechanical properties of tested materials
Material.

t E Oy ars R n
{(mm) [(GPa)|(MPa){{MPa)| 15 94 10-20 %

AlS182-0 | 0.88 | 66.1 | 137 | 280 | 0.69 | 0.29
DDQ 0.88 | 200 | 169 | 291 | 1.81 | 022
CHSP3SE | 0.88 | 200 | 220 | 372 | 1.36 | 0.19

Material

*Al 518-0 : Al-MgAlloy, *DDQ : Deep drawing quality
of steel sheet(Al killed steel)
*CHSP35E : Cold-rolled high strength steel plate

respectively. As the stress is increased further,
sheet wrinkling will occur ; this stress is known as
the critical stress. Table 1 shows the mechanical
properties used in this simulation, which was
chosen from Kim and Park’s work(1993).

A convenient manner of displaying the results
is in terms of the principal compressive stresses
o7, oz at wrinkling and the angle ¢ between the
principal stress axes and the principal axes of
curvature. The following analysis was restricted
to the case where the principal axes of stress and
curvature coincide, ¢=0.

To determine the critical stress values o¢", 5%,
we firsty set the principal stress ratio ¢, /g; and
determine the bifurcation point by successively
increasing the principal stress g;. Secondly, we
change the principal stress ratio and find the
bifurcation point.

Figure 2 illustrates the dependence of the
wrinkling limit on the exponents g4 defining
Hosford’s yield locus in Eq. (8). Regardless of the
a-values, wrinkling formation tendency shows
little difference in their shape in the negative
principal stress ratio, but some differences in the
positive principal stress ratio. This is clear by
considering the shape of Hosford’s yield locus. As
the exponent o increases, the differences of Hos-
ford’s yield loci become large in the positive
principal stress field, but in the negative principal
stress field there is little difference in their shape.

According to the shape change of Hosford’s
yield locus for the variation, in the g-value, the
vertex effect on the yield locus appears significant
both at biaxial tension and compression stress
states.
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Fig. 3 Critical stress states for various hardening
coefficients ;.

Figure 3 shows the effect of the strain harden-
ing coefficients on the wrinkling limit. It is shown
that the critical stresses for the onset of wrinkling
decrease as y decreases in all principal stress
ratios. According to the bifurcation theory(Hill,
1957 ; Hill, 1958), plastic instabilities such as
local necking occurs at the point where the instan-
taneous hardening ratio A’ becomes equal to a
critical hardening ratio. As y decreases, the
material reaches a critical hardening ratio more
rapidly, and therefore wrinkling formation is
susceptible to occur in the given condition.

Figure 4 illustrates the wrinkling limits for
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Fig. 4 Critical stress states for various yield stres-
ses gy
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Critical stress states for various anisotropy
parameters R(X =200 ;Pg, ¢=6, n=0.19,
gy =220 MPq).

Fig. 5

various yield stresses such as 170 MPg, 220 MPa.
and 270 MPq. The critical stresses decrease with
increasing yield stress. This effect of yield stress
on plastic instability initiation can be verified by
many studies(Neale and Tugcu, 1990 ; Tomita
and Shindo, 1988 ; Park and Kim, 1995).
Figures 5~7 respectively show the wrinkling
limit of three materials, CHSP35E, DDQ and
5182-0 for various anisotropy parameters, which
are known as an important factor of deep
drawability in sheet metal forming. Tt is clear that
the critical stresses for the onset of wrinkling
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increase as anisotropy parameters increase in the
positive stress ratio, but in the negative stress ratio
the contrary occurs. However, the difference in
critical stress in the negative stress ratio corre-
sponding to the variation of f@-value is smaller
than the positive stress ratio case. Especially for
the loading path along the ¢,- or g,;-axis there is
almost no difference in the critical stresses for
wrinkling formation. This difference in wrinkling
limit between the positive and the negative stress
ratios seems to be principally caused by the shape

25

2.5 . 2.5

Fig. 6 Critical stress states for various anisotropy
parameters B(FE=200 GPq, a=6, n=0.22,
ay=169 MPa).

25

“A15182-0 )

2.5
-2.5 0.0 25

Fig. 7 Critical stress states for various anisotropy
parameters B(E—66.1 GPa. a=8, »n=0.
29, oy =137 MPua).

of the yield locus in the g;-g;; plane according to
the magnitude of the anisotropy parameter R.
However, the effect of £ on WLD is not domi-
nant compared with other material parameters, e.
g., n and gy.

Figure 8 shows the wrinkling limit for sheet
thicknesses 1.20 mm, 0.88 mm and 0.60 mm. From
Fig. 8(a) it is clear that critical stresses for the
onset of wrinkling decreases as sheet thickness
decreases. In other words, the ratio of the radius
of curvature and thickness affects the deformation
of the shell element, and in the case of equal
thicknesses the critical stress for the onset of
wrinkling decreases as the radius of curvature
increases. Figure 8(b) shows the WLD in the

25 .

80 : : :
Leol FLD ]
E CHSPISE
2
Edop- - i
o)
< 20} ]
=

0 i A

40 20 0 20 40

MINOR STRAIN (%)
(b)

Fig. 8 (a) Critical stress states for various sheet
thickness ¢ ; (b) Critical nominal strain
states for various sheet thickness ¢ with

FLD for comparison.
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Fig. 9 Critical stress states for various three mate-
rials.

nominal strain plane, which denotes the critical
strain state for wrinkling initiation,

From Fig. 8(b) it can be seen that there is a
fixed value of nominal minor (compressive) strain
@ corresponding to any value of nominal major
(tensile) strain g, at which wrinkling will occur
and the reverse holds. The forming limit diagram
(FLD) cited from Kim and Park’s work(1993)
was incorporated into WLD for compatison, so
that the relative proximity of either fracture or
wrinkling can be determined and forming condi-
tions selected accordingly. Referring to Fig. 8(b),
those drawn cups with strain combinations
between FLD line and WLD line are unlikely to
fail. Moreover strain combinations above the
FLD line will result in fracture and those below
WLD line will produce wrinkles at drawn cup
walls.

Figure 9 shows the tendency of wrinkling for-
mation of the three materials. In order to clarify
the effect of each material property on bifurcation
formation simulations were performed according
to each material property in Table 1. Wrinkling
occurs rapidly in the succession of 5182-0,
CHSP35E and DDAQ) in the positive stress, but
occurs in the succession of CHSP35E, 5182-0 and
DDQ in the negative stress ratio. Namely, the
wrinkling in 5182-0 and CHSP35E materials
appears earlier than DDQ material in overall
stress ratios because the 5182-0 material has a

40 T

experiment

MAJOR STRAIN (%)
o]
o

-20 0
MINOR STRAIN (%)

Fig. 10 Critical nominal strain states for various
thicknesses ¢==0.25, 0.56, 0.99 mm(*) The
experimental data obtained
Havranek’s test (1975).

from

lower anisotropic parameter and the CHSP35E
material has a
compared to DDQ material.

Figure 10 shows the comparison of WLD in the
nominal strain plane between simulation and

lower hardening coefficient

experiments obtained from Havranek's conical
cup test(Havranek, 1975). The simulation was
performed under the condition of =6, = 1.69,
n=0.225, gy==164 MPg, R,=37.5mm, and R,/
£1=0 in order to fit the representative test condi-
tion of Havranek’s test. The /2,-=37.5 mm value
in the simulation was selected under the assump-
tion that wrinkles occurs at the middle of the wall
length of the conical cup. The simulation results
for the overall tendency of the wrinkling forma-
tion are similar to experimental ones in shape of
lingar form.

As discussed before in Fig. 8, wrinkling occurs
early at all strain paths as the thickness of the
material becomes thinner. This means that in the
strain plane the safe region without wrinkling
formation becomes wider as the material thick-
ness increases. However, Havranek’s experimental
results showed that the critical strains correspond-
ing to wrinkling formation fall into a narrow
linear band regardless of the material thickness or
forming conditions within the tested range. Our
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simulation results on the dependency of thickness
are not supported by Harvranek’s work. This
reason is left to a future study.

5. Conclusion

The present analysis has focused on the critical
conditions for the onset of wrinkling formation in
anisotropic sheets. Plastic bifurcation analysis has
been performed to investigate the effect of mate-
rial properties and geometries of planar isotropic
curved-sheets on the wrinkling limit diagram.
From the bifurcation analysis for wrinkling for-
mation we observed the following results:

(1) Wrinkle tends to occur as the g-value of the
Hosford yield criterion increases. However the
effect of the g-value in the Hosford yield crite-
rion on wrinkling formation is negligible.

(2) Early wrinkling occurs as » decreases, oy
increases, and ¢ decreases.

(3) Wrinkles tend to occur as anisotropy param-
eter decreases in the positive stress ratio, but the
reverse holds in the negative stress ratio. How-
ever the effect of ® on WLD is not dominant
compared with those of material parameters »
and ¢gy.

(4) In order to control wrinkling formation, it is
more effective to adjust the thickness ¢ than to
adjust %, gy, R, because the latter parameters
are related to metallurgical aspect and are hard
to be fixed at a specific optimum value in
manufacturing process in steel company

(5) Comparison of three materials shows that
wrinkles occur in the succession of 5182-0,
CHSP35E and DDQ in the positive stress
ratio , but in the succession of CHSP35E, 5182
-0 and DDQ in the negative stress ratio.
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